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ABSTRACT

As part of an interdisciplinary analysis of the economic evaluation )
of the water resources of the Rio Grande Regionof New Mexico, a conjunc-
tive use surface water-ground water simulator was developed. The simula-
tor was used to determine the dynamic availability of ground water and
its relationship to flow in the Rio Grande.

This report gives an account of the structure and use of the simula-
tor. It is a computer model in which the governing nonlinear parabolic
partial differential equation, used to simulate unconfined aquifer flow
in two dimensions, was solved by implicit finite differences. The set of
difference equations in residual form are solved by LSOR or Gauss Elimina-~

tion depending upon the size of the problem.
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A CONJUNCTIVE USE SURFACE WATER-GROUND WATER SIMULATOR

by W. Brutsaert and C. Way¥

I. GENERAL INTRODUCTION

The complexity of today's water resource systems makes it almost manda-
tory that their management be achieved through the application of the talents
and technology of a variety of disciplines, and the legal and institutional
structures of water use make their understanding and application a further
requisite to good management. Although economic justification should be
the foundation of decisions on alternative uses of water, the social and
cultural implications must be fully considered since the optimal use of
water implies a maximization of the benefits returned to society through a
broad range of beneficial uses. In order to formulate plans and policies
for future water resources development, the assessment of future water
supplies and requirements necessitates a major consideration of future rates
and patterns of economic development.

Before an economic evaluation of water use can be made, the avail-
ability of surface water and ground water must be determined. If there is
a continual exchange between the surface water of the river and the ground
water of the surrounding alluvium, ground water availabilities are not
simply related to pumpage but are also controlled by precipitation, amount .
and frequency of runoff in streams, return of irrigation water, and evapo-
transpiration. The management of such a system should consequently be based
on a conjunctive operation of surface and ground water.

A model of the exchanage of ground water and surface water is necessary
if a good description of the pumping effects is desired. 1In addition, the

diversions and depletions must be known in order to have a reliable model.

*Formerly Assistant Professor, and Research Assistant, Geoscience Department,
New Mexico Institute of Mining and Technology.



For a comprehensive alternative water use analysis it is necessary to
know both the ground water availability and the behavior of the aquifer
under projected stresses. Since historical records of hydrologic systems,
in most instances, are inadequate to permit direct analysis of basin
behavior under projected stresses, a ground water system simulator is
necessary. The most efficient and practical simulator appears to be a mathe-
matical analogue of the hydrologic basin, solved by digital computer. Such

a hydrologic system can be schematically represented as in Figure 1:1.

| PRECIPITATION | INDUSTRIAL ,MUNICIPAL, AND
GROUNDWATER TRANSFERS

l T LANDSURFACE

I —

WATERTABLE

BEDROCK

Figure 1:1. Schematic representation of hydrologic system.

In this Figure, I = inflow, O = outflow, and the subscripts s and ss, res-
pectively, stand for surface and subsurface. Figure 1:1 is simply a

representation of the statement of continuity: di.e., the conservation of



mass which is the basis for developing the fundamental flow equation or

mathematical analogue which is written as:

oH OH Q

5 SH 3
WD)ty g = st (1:1)

3% (Kh ox

where K = hydraulic conductivity; h = saturated thickness;
H = water table elevation (total head) above datum;

S = effective porosity (storage coefficient); Q = net
withdrawal rate from aquifer; x, y = space dimensions;

t = time dimensions} dx, 8y = surface area of element.

The above equation is a nonlinear partial differential equation obtained by
combining Darcy's law with the continuity principle and is applicable to
transient, two-dimensional flow in heterogeneous, anisotropic, incompress-
ible, unconfined, saturated, porous media.

Implicit finite differences are utilized to solve equation 1l:Ll on a
digital computer. The resulting system of simultaneous equations is either
solved directly by Gauss-Elimination or by Line Successive Over Relaxation,
depending upon the size of the problem: i.e., number of equations.

The first step when applying the model to a particular study area is to
verify or calibrate its behavior. This verification consists of simulating
a historical period, for which both ground water levels and stream records
are available, until model and prototype match. Checking and updating should
be continued as more data become available.

The next step is the simulation (or extrapolation) of future possible
conditions. Conditions can be altered to give different responses. Condi-
tions from extreme dry to extreme wet combined with a set of water demands
ranging from large to small may be included.

A vast amount of data is thus obtained in the form of aquifer responses
for given conditions. Realizing that these data are the result of the solu-

tion of a continuity equation of the form
it is possible to estimate an analogous relationship from the data obtained.

In equation 1:2, I = inflow, O = outflow, and A S = change in storage during

a time period A t. The relationship postulated was of the following form



Ad = f(dn, L) (1:3)

where A d = change in water-table elevation for the time period (year) con-
sidered, dn = water elevation at the end of previous time period (year), and
L = a lump factor combining surface water inflow and outflow, precipitation,
and beneficial and nonbeneficial water uses.

Results of the simulation runs can be tabulated with averaged spatial
responses: 1.e., results would not reflect a variation in water-table
elevation along lines perpendicular to the river bed. It is assumed that
average conditions would suffice since lateral aquifer response would aver-
age out.

A stepwise multiple regression analysis, combining linear and nonlinear
(exponential and logarithmic) terms of the different factors obtained from
the simulation runs, can be performed to obtain the surface-ground water
interrelationship equation.

This conjunctive surface~ground water model was developed and applied
to the Rio Grande region in New Mexico. A presentation of the results from

this application is given in WRRI reports 020-024 (Lansford et al., 1973).
II. TECHNICAL MODEL DESCRIPTION

Adequate simulation of complex ground water systems can be accom-
plished using digital computer solutions of a mathematical model. This
model was developed by using a general mass balance equation and then
calibrated by simulating historical conditions. If computed and actual
water-table elevations agree within some preset tolerance, then the
mathematical model provides a means of predicting the effects of future
ground water development.

Ideal boundary conditions and water-bearing characteristics are
rarely if ever found in nature, and therefore analytical approaches,
when applied to ground water systems, become oversimplified. Most
aquifers are heterogeneous and anisotropic, with irregular boundaries.
Mathematical models are ideal for handling such natural systems. How-
ever, hydrogeologic judgement should be utilized in designing these
mathematical models to approximate actual conditions and in properly

qualifying the results according to the amount of discrepancy.



Selection of the space and time dimensions (AX, AY, At) is dependent
upon the availability of geologic and hydrologic data and upon the desired
accuracy and detail of analysis. The accuracy of the solution is enhanced
as the dimensions of AX, AY, and At are decreased, providing the avail-
ability of geologic and hydrologic data justify the additional computational
time required. Space dimensions should be small enough so that the geolggic
and hydrologic conditions may be assumed reasonably uniform over an entire
grid. The maximum size of the time increment, At, which will provide ade-
quate accuracy should be used. Solutions of sample problems with repre-
sentative data can be used to determine the optimum value of At for selected
grid dimensions. Smaller grid dimensions may require shorter time

increments,

A variable AX,AY-gridsystem was utilized in this model in order to

adjust the size of the gridblocks to the required detail of analysis.

Continuous and Discretized Mass Balance Equation

The non-linear partial differential equation describing transient,
incompressible, isothermal, two-dimensional flow in an unconfined saturated
porous medium may be derived from the mass continuity equation and Darcy's

Law and can be written as:

SRy b Oy 'gl;‘)éx + g;(xyy h 6x -g%)ﬁy = Q+ ox 6y 5 (2:1)
where,

Kxx = principal component of hydraulic conductivity tensor (co-
inciding with x-direction).[L/T]

Kyy = principal component of hydraulic conductivity tensor (co-
inciding with y-direction).[L/T]

h = saturated thickness of aquifer. [L]

S = storage coefficient, (dimensionless)

Q = net rate of withdrawal. [L3/T]

8x,8y = dimensions of differential element.

X,y = space dimensions. [L]

= time dimension. [T]
H = water table elevation above a datum (potentiometfic head). [L]



This equation i1s valid for heterogeneous and anisotropic media but is subject
to the Dupuit-Forchheimer assumptions and should be used with these limita-
tions in mind. The most important limitations are flow in the horizontal.
x,y-plane, and fully penetrating constant head (river, lake) boundary con-
ditions.

Equation 2:1 has no general analytical solution; therefore, a finite
difference approximation is utilized to obtain a numerical solution with
the aid of a digital computer. Application of the finite difference
approach requires subdivision of the study area into a system of finite
grids.

Consider the following two blocks (Figure 2:1) of this grid system:

g}w
Q A4 T f
1
h1 e H
m Q
@____AX1 1
T T7307777 87 AX
H ‘[ 4 , —H
1 H
///i///T//////// 2
Z
Z,
J DATUM (2=0)
77’y VN - I AN 77777
Figure 2:1. Idealization of two adjacent blocks.
According to Darcy's Law:
Hp - Hy
Q, = K,h,AY (2:2)
1 171771 AXI )
Hy - Hp
Q2 = KphpAY¥y ——mmee (2:3)
A%, /2



where

fan
il

potentiometric head at the interface of block 1 and 2. [L]

N
1l

bedrock elevation above an arbitrary datum. [L] )

Since, by continuity, Q; = Q, = Q, Hm in equations 2:2 and 2:3 can be

eliminated to obtain the following relation:

2(K1h14Y1) (K2hzAY))

Hy -~ H 2:4
Koh2AY2AX1 + K1h1AY1AXo (H 1) ( )
this expression can be approximated by:
2K1AY 1 K,AY 50
Q= IR, + Kohvoan (2 T HD (2:3)
where,
hiz = MAX (Hz, Hi) - MAX (Z2, Z1) (2:6)

MAX (A,B) means the largest of the two quantities A and B.
By using this technique for computing flow coefficients and an implicit

central finite difference form, equation 2:1 becomes:

t+At t+At t+At t+At
CEHi+1,3 * CuHi-1,9 + CsHi j+l + CyHy, 31

saxAy, tHAt

“(CE+Cw+CN+Cs+_A’t‘"‘“‘) i,3
_ (SAXAY

(2:7)
s )H1j+Qi,J

Cw» Cy» Cg are the flow coefficients of the mass balance equation. Sub-
scripts E, W, N, 8 denote the directions east, west, north, and south: they
are used for convenience to replace the more standard but lengthy notation

of i+s,3,i-%,], i,j_g, i,3+s, and they reflect properties of two adjacent
gridblocks:

- L
2Ki-1,3K41,38Yi-1,30Y1, jhy
%3, 3Ki-1,§8Y4-1,5 + 8Xi-1,4Kq, 349 5 (2:8)

Cy =



- t
2Ki,iKi+1,448Y1,jAYi+1, {hE

CE =
AX1+1,3K4,50Y4,5 + BX4, §Ki41,8Yi+1, 3
~ t
cx = 2Ki,3-1R1,30%1,5-18%1 , jhN (2:8)
AY4,4K4,3~10%1,5-1 + AY4 §-1K1, §AKy 5 Cont'd.
2K4, 44+1K1, 30%X4  3+18X4 . R t
Cg = | i,] I + A28

Mi,5%, 540880 41 + BT 54Ky 50Xy

The i,j notation (Figure 2:2) refers to the grid block at which a
particular equation is formdated, and the superscripts represent the time

level of computation,

I(x)
1:j—'l
N
J(y)
i=1,2,3...NX
i-1,3 Wi 1,3 E i+1,] §=1,2,3. ..0Y
TralLsde
S
i,3+1

Figure 2:2. Numbering system for i,j notation.

In Figure 2:2, I and J denote block numbers in the coordinate system (X,Y),
and i and j are subscripts used to identify grid blocks. NX and NY are
numbers of blocks in x and y directionms.

Let
Cg + Cy + Cy + Cg + §é§%1 = A
(2:9)

_(SAXAYy ¢t . .= -
C7E?-) Hi,3 % Q,; B



Equation 2:7 then becomes:

t+At t+At t+HAt tHAt tHAL  _p .
Ay sHi§ = Cp Hiyp,y - CwBi-1,5 ~ On Hi,5-1 Cs Hi 341 = Bi,5 (2:10)
To save computer time, single instead of double dimensioned arrays

were used. To understand the relationship between single (ij) and double

(i,j) subscripted variables, compare Figure 2:2 with Figure 2:3. Equation

2:10 written with ij notation (Figure 2:3) becomes:

1] E;At - Cg Hi?ﬁi -G E?fi = Oy i;éﬁx - G H§§i§x = By (2:D)
15-NX
ij-1 ij ij+1
1§+NX

Figure 2:3, Numbering system for ij notation.

E’ CW’ CN’

rate of withdrawal Q are held constant during each time step.

It should be noted that the coefficients C CS and the net

Equation 2:11 is written for each grid for a particular time step
and the entire system of equations thus obtained is solved simultaneously.
The solution will be the predicted value of H, the water—table elevation,
at the end of the time step. This predicted value will be used as the

initial value for the next time step, and the entire process is repeated.



III. METHODS OF SOLUTION

Residual Approach. The residual approach as used in this program is

simply an aid to improve accuracy through single precision calculations for
the solution of systems of equations. IBM SYSTEM 360, MOD 44, with its
6 to 7 digit accuracy, makes this approach obligatory.

Equation 2:11 can be expressed in matrix notation as follows:

t+At
[D] [H] = [RHS] (3:1)
where
[D] = the coefficient matrix
t+AL . . .
{H] = water elevation vector at time t+At (variable)
[RHS] = right-hand side constant vector
Define
*
TR LTS (3:2)
where
H‘K = the computed value for k-th iteration
*
H = the correction between the computed value and the actual
result.

In matrix form equation 3:2 can be written as:

]t+At k

*
[H = [H]" + [H] (3:3)

%
[H] is then called the correctionvector. Substituting 3:3 dinto 3:1

produces:

0] 1" = [r] (3:4)

k
where [r] = [RHS] - [D] [H] , and is called residual vector.
Instead of equation 3:1, equation 3:4 is solved. The standard
procedure is as follows:

(1) Calculate the residual vector [r] in double precision (using
local variables).

*
(2) Solve for the correction vector [H] in single precision.

t+At

k %
(3) Solve for [H] = [H]" + [H] 4in double precision (using local

variables).

10



If the desired accuracy is not obtained, new residuals are computed and
the entire process is repeated until equation 3:1 is satisfied (i.e., until
residuals have vanished).

The obvious advantage of the residual approach is that a solution can
be made accurate beyond the normal number of single precision digits, and

extreme accuracy can be obtained when required.

Gaussian Elimination

Gaussian Elimination is a direct method for solving sets of linear
algebraic equations. In general, this method tends to be more effective
than iterative methods when:

(1) the matrix of coefficients is too complex for a rapid estimate of
the optimum over-relaxation factor, or

(2) the matrix is almost singular in that small residuals do not imply
small errors in the solution, or

(3) several sets of equations with the same coefficients but different
constants have to be solved, or

(4) one-dimensional or two-dimensional problems with relatively small
number of grids are solved.

The disadvantages of Gaussian Elimination are that round-off error may
affect accuracy seriously; that it is time consuming for two dimensional
problems; and that storage requirements increase almost exponentially with
the size of the grid system.

In a two-dimensional problem each equation (2:11) consists of five

H H ) (see Fig. 2:3). 1In a block

unknowns (Hi,, B i3-Nx° Mg

s H.,

3 ij~1> “ij+1’

system with m rows and n columns, there will be m x n equations with m x n
unknowns. Therefore, in equation 3:1, [D] is a coefficient matrix with

the size of m x n by m x n.

As an example, for a 3 x 3 block system (Fig. 3:1), m = NX = 3,
n = NY = 3.

11



Figure 3:1. Simple 3 x 3 grid system.

For this special case, the coefficient matrix is a square matrix with the
size 9 x 9. (Fig. 3:2).
e Wt ————yy

1 2 3 4 5 6 7 8 9
, \
1 1 1 1
1] a G 0 g o 0 ) 0 0
2 2 2 2
2 cz 4 Z o ¢z o 0 0 o} 2
3 3 3 3
3fo0 3 A o ¢ o 0 o 3
4 4 4 4 &
slc o G A ct o ¢t o ol 4
5 5 5 5
sio o o ¢ A o ¢ ofs
6 6 6 6 6
[3 ] ¢] CN [¢] C“ A CE 0 CS 6
7 7 7 7
7] 0 0 0 o o A g o7
8 8 8 8
8jo 0 0 0 cg o ¢ A o
90 o 0 0 0 ) CZ 0 c3 Al 9
\ 7
1 2 3 4 5 6 7 8 9

Figure 3:2, Coefficient matrix [D].

In Figure 3:2, superscripts denote the block numbers, subscripts denote
the directions. The coefficient matrix has values only on five diagonals:

i.e., the main diagonal, two adjacent diagonals, and two outer diagonals.

12



The distance (in terms of matrix columns) between the outer diagonals is

the distance between CN and CS. This can be calculated by using a ]

simple relation: di.e., distance = 2m + 1. In this case it is 2 x 3 + 1 = 7.
This matrix is a sparse five diagonal matrix, and it is obvious that

much storage would be wasted if all zero values were stored in computer

memory. How to transform this matrix to a more condensed form in order to

save storage is the basis for "band algorithm' (Rosenberg, 1969; Thurnau,

1963). This technique rotates the matrix to the form shown in Figure 3:3.

The size of this new matrix is m x n by 2m + 1.

1 2 3 4 5 6 7
- Sy
1% 0 0 0 At cé 0 cé 1
21 0 0 cﬁ A% cé 0 cg 2
30 0 0 o A ¢ o cg 3
sl ¢ o AN ¢t o il 4
slc o o & o gl s
6] co o co ¢t o col 6
7 C; 0 C; A7 C; 0 0 7
8 cg 0 c3 A8 cg 0 0 8
9fey o ¢ A7 o o oo
g B
1 2 3 4 5 6 7

Figure 3:3. Band matrix.

All coefficients are now stored in a [m x n] by [2m + 1] matrix rather than
a [m x n] by [m x n] matrix. 1In this particular case a 9 by 7 matrix does
not seem to be much smaller than a 9 by 9 matrix. However, consider for
example m = n = 20: a 400 by 41 matrix and a 400 by 400 matrix are consider-

ably different. For grid systems in which the number of rows is not equal

13



to the number of columns (NX # NY), it is important to organize the grid

system such that NX is less than NY.

Line Successive Over Relaxation Method (LSOR)

The algorithm for point successive over relaxation method (SOR) in

residual form is (see Figure 3:4):

k+1 I G | ekl
\ (3:5)
*k 2K J
+t Celiger T Collygamx ~ Tij

where superscripts k and k + 1 represent kth and k + lth iterations, and

w is the over-—relaxation parameter omega with a value between 1 and 2.

N0 h
i:fff k+1™" jteration
th | \
k ! iteration
777
/
22; node being solved

Figure 3:4., SOR method.

*
The only unknown in equation 3:5 is Hik+l. Consideration of equa-

*
tion 3:5 and Figure 3:4 shows that in order to solve for Hi?+l, the old

. . *k kK *k
k-th iteration values ahead (Hij’ Hij+l’ Hij+NX) and the new (k + 1l)~th

. . . *k+1 *k+1
iteration values behind (Hij—NX’ ij—l) are used; hence, only one matrix

14



value of [H]* needs to be stored. Equation 3:5 1is set up and solved point
by point until the whole system is completed. This procedure is called point
successive over relaxation (SOR).

Instead of solving an equation point by point, the SOR algorithm can

be modified to solve the problem row by row (or column by colummn): this

process is called line successive over relaxation method (LSOR). (Figure
3:5.)

SRR IB SR

TSRS FET SO I N A 20 B 88 ¥

HHRSRHRHRAHERS

RHERRE KN ERRE R

SIS IR ISIE St SRS AT

NI IS )

V2 e A A R

k—i—lth iteration

kth iteration

7 row being solved

Figure 3:5. LSOR method.

The algorithm for LSOR is:

sk+1 ak+1 sk+1
wk+1 xk
wlryy - CyHij-wx = CsHij+nx] (3:6)
k ok ok

*®
+ (w - 1) [AH{j - CyHij-1 - CgHij+1]

15



* % *
Equation 3:6 consists of at most three unknowns (H.k+l, H.¥+1, .F+1 .
ij ij+1 ij-1
A complete set of LSOR equations is then set up for a particular row and
solved simulaneously by the use of Thomas Algorithm (explained below). This

process is repeated row by row until the desired convergence is reached.

Thomas Algorithm

Tridiagonal matrices result from one-dimensional problems (such as a
row or a column). The tridiagonal is the main and the two adjacent diagonals.

Equation 3:6 rewritten for each block of a row (or a column) becomes:

blul + cquy = dy
asuy + b2u2 + Colg = dp
ajug + b3113 + cauy = d3

) : ) : (3:7)
aglj_g + byuy + cquiy = dj

. . . .
. . .

ap-1up-2 + bpn~lup-1 + cp~lup = dp-1

i
(=9
=}

anpun-1 + bpup

This system can be solved explicitly for the unknowns Uy uz,...,un

thereby eliminating any matrix operations. The method is called the Thomas
Algorithm (Rosenberg, 1969).

In general, the equations are:

ajuj_1 + byuy + cquyq = dg (3:8)
for 1 <i<mnm
with a. = ¢ =0
1 i
81C4-1
Bi = by ——
Bi-1 (3:9)
with Bl = bl

16



and

dy - ayY{-
_dy - agyyeg

d
, _ 1
with Yi = E;‘.

The values of the dependent variable are then computed from:

Up = Yn (3:11)

1%+l (3:12)
By

I

uq Yi -

This method has been shown to be stable for round-off error as long

as |b,| > | a, + ¢ | for each equation.
it — i u

IV. DATA

For each grid, the following parameters have to be defined.

(1) Initial Water Table Elevation

The water table elevation, preferably to the nearest 0.1 foot, needs
to be read from the water table contour map at each node of the grid system.

(2) Final Water Table Elevation

A map of final water table elevation is used to determine the average.
final water level of each grid. The figures obtained should have the same
accuracy as those of the initial water table. These figures are not read
into the computer but are used for comparison with the predicted result.

(3) Simulating Boundary Conditions

The boundaries of the study area are designated in this program by the

following codes:
0 represents an aquifer node.
1 represents an impermeable boundary.
2 represents underflow; i.e., groundwater boundary inflow or outflow

(gradient boundary condition). The rate of outflow as well as the rate of

inflow ought to be computed (or estimated).
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3 and 4 are constant head boundary conditions. Hydraulically connected
surface water sources such as a river or lake may be simulated by programming
a time-varying or constant water surface elevation in the appropriate gridé.
The value of 3 is used to represent this kind of boundary condition along
model boundaries; otherwise, inside the model the value 4 is assigned.

(4) Bedrock Elevation

The bedrock elevation data are read into the computer initially and are
kept constant for all time steps.

(5) Hydraulic Conductivity

The values of hydraulic conductivity can be obtained from pumping tests
or specific capacity data. Since the model can handle anisotropy in x- and
y-directions, as well as nonhomogeneity, hydraulic conductivities in x- and
y~-directions and as a function of location are read into the computer for
each node and are held constant for all time steps.

{(6) Storage Coefficient (or specific yield)

These values can also be obtained from pumping tests. In this model
storage coefficient is a function of space only. Therefore, the values are
read into the computer initially and held constant for all time steps.

(7) Ground Water Withdrawals

Groundwater pumping for dirrigation, municipal, and industrial needs may
have considerable effect upon water levels. Heavy pumping almost always
causes marked declines in the water levels and results in a decrease some-
where in the natural discharge of ground water. Annual pumped volumes can
be estimated from certain State reports and from declaration forms of owners.
The average monthly distribution pumping figures are used to estimate the
volume pumped in each time step.

The coefficient of pumping, the fraction of pumped water not returning
to the aquifer when applied during usage, depends on the different usages of
ground water.

(8) Precipitation

Average daily, monthly, and yearly precipitation data are available
from published records of selected stations. For example, data for Socorro,
New Mexico, shows that most of the precipitation occurs during the summer

months in the form of local thunderstorms: light snowfalls in winter are
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infrequent. The average annual precipitation (1920-1953) in this area is
8.6 inches and the period of greatest precipitation is from July to September.
Soil moisture measurements by the Research and Development Division of the
New Mexico Institute of Mining and Technology show that 85 percent of the
precipitation from a relatively heavy storm is lost by evaporation or run-off.
Losses of 10 percent occur due to the effects of climate, vegetation, and
topography. The remaining 5 percent of precipitation is usually considered
to infiltrate and reach the ground water. This is referred to as the co-
efficient of precipitation in this model.

The monthly distribution of annual precipitation and the coefficient
of precipitation are read into the computer initially and held constant
throughout the study period.
(8) Phreatophytes

Annual consumptive use by phreatophytes can be estimated from technical
reports published by the State Engineer office. Many factors influence the
amount of water consumed by plants. The important natural influences are
climate, water supply, soil, and topography. A monthly step distribution
of consumptive use is assumed. These figures are read into the computer
initially and held constant for all time steps.

(10) Boundary Flow

Darcy's Law is used to caleculate boundary inflow and outflow by esti-
mating potential gradients, cross-sectional areas, and hydraulic conducti-
vities. These values are read into the computer in acre-feet/year and hel&
constant throughout all time steps.

(11) Water Leaking Into or Qut of Aquifer

These values are read into the computer in acre-feet/year and held
constant throughout all time steps. Leakage can be deduced from excessive
differences between computed and historical water levels which cannot other-
wise be explained.

(12) Water Seeping to Aquifer from Irrigation and Drainage Canals

These values are read into the computer in acre-feet/year and held
constant during the irrigation season or varied as a function of the amount

of water applied.
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(13) Finite Increments

Selection of space dimensions (AX, AY) is dependent upon the avail-
ability of geologic and hydraulic data and upon the desired accuracy and
detail of analysis. These figures are read into the computer initially
and held constant for all time steps.

(14) Ground Surface Elevation

These values are only for reference, not for computation.

Data Arrangement

Since so many data are involved in this program, a good data arrange-
ment is essential. There are three subroutines to meet this objective.
A system of mnemonic name cards is used throughout the data deck. These
mnemonic names consist of four characters. Their significance is explained
in Section V on description of program subroutines. CMNT cards are comment
cards. They can be put anywhere in the data deck and are disregarded by the
READ statement.

(1) Subroutine SINGLE

This subroutine reads in the following single value data: NCOM,
OMEG, IGAU, IWAT, HCONV, IDEB, NX, NY, DELT. The name of the single value

will appear in the first 4 columns of the data card, then the value is

punched in columns 11-20. (See next section for explanation of symbols.)

M 13

gooeoooobc0060000000D00000006000D00000000000G00000006000000000000000Q0

QIWBN1213141516 1713132021 222324252627 202330 313233 34353637 383940 4142 4344 454647 494950 51 525354 5556 57 58 5960 61 G2 €364 556667686310 N 12 B N TS
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222222222222222222222222222222222222222222222222222222222222222222222222222

-
— - D
T —1

The computer checks the name first, then the numerical value; therefore,

the sequence of single data cards is not important. The last one should be
ENDS.

ERY RIS

oopopoooo0c0000CODODODOO0O000000000000000C00000D0D0000000D0000D0BO0CEDOD

NI2V U516 7 1861920212223242526 27282930 31323334 552637 383940 4142 43444546 47 484350 51 525354 5556 657 5B 5960 63 625364 565626060 N 12 WU T
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(2) Subroutine ARRAYS

This subroutine reads in array data. The array name will appear

in the first 4 columns of the first card of that particular array.

If the array is a constant (for example, the initial water table
is 50 feet in every grid), then the value of the constant should be punched

in columns 21-30 on the array name card.

H GH.

600000000000000000000 0000000000000 0O0000O00000B000000000000CBO00D000D0000000
123456789
IRRRRRRRE

DN 121314151617 18192021222324252627 282930 33323334 3536 37383940 #142 4344 4546 47 404550 51 525354 5556 57 58 5960 6162 6364 EI 6567686970 12 M T

(RERR RS R RN R A R AR R R R R R R A R A R R R R R R R R R R R AR R R RRARER R N

If the array is variable, then a non-zero value should be punched

in columns 11-20 on the array name card, and the numerical values of the
array are punched per row with a format 7F10.0.
card is started.

For each new row, a new
(Columns 71-80 can be used for ideatification.)

2 - i
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332z, 3 !

¢000080
123456
11

0
_ 7
L1 1

ﬂﬂﬂﬂﬂfﬂUBU000ﬂﬂﬂﬂﬂDﬁﬂﬂﬁﬂﬂﬂﬂﬂﬁﬂﬂﬂUﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂUﬂﬂﬂﬂﬂﬂGﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬁﬂu
8
1

90 1112 13 14 15 16 17 13 10 20 21 22 23 24 25 26 27 2029 30 31 32 33 34 35 36 37 38 39 4D 41 42 43 &% 45 46 47 40 4950 51 52 53 54 55 56 §7 585960 61626364 6566567886970 H 7273741576 77 78 7§ 50

R EE R R R R R R R R R RN R R R R R AR R R R R R R R R R R R R R R RN R RN R R R R R R RN
2799999999992222222222222222222222222222222222222222222222221222222222222222222227

An "ENDA" card is needed at the end of the array data.

(See next
section for definition of array names.)

(3) Subroutine VALUES

This subroutine reads in all monthly distribution or variation

values with format 7F10.0. The first card of every distribution set should

be a name card to indicate different distributions.

(See next section for
definition of names.)
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An "ENDV" card is needed at the end of all the values.

V. DESCRIPTION OF PROGRAM SUBROUTINES

Main Program

The main program initializes some values and calls for subroutine
OLAY1 .
Subroutine OLAY1

This subroutine allocates the storage required for a particular size
grid system.

Subroutine SINGLE

This subroutine reads in single value data.

(1) NCOM = number of computations

(2) OMEG = over-relaxation omega

(3) IGAU = assigned value for Gauss method (if zero, then this
method is not used)

(4) IWAT = assigned value for LSOR method (if zero, then this
method is not used)

(5) HCONV = convergence criterion

(6) IDEB = debugging switch (if 1, then intermediate calculations
are printed out)

(7) XX = number of columns

(8) NY = number of rows

(9) DELT = one time-period of computation (days)

Subroutine ARRAYS

This subroutine reads in array data and writes out all the initial

arrays.
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(1) H = water table elevation (ft)

(2) 1IBC = boundary condition tag
0 - water table
1 -~ impermeable boundary
2 ~ inflow or outflow
3 - constant head (along boundaries)
4 - river or lake (within model boundaries)
(3) PPT = precipitation (in/year)
(4) RPUM = pumping rate (acre-feet/year)
(5) RFREA = phreatophyte water use (acre-feet/year)
(6) RLEAK = water leaking in or out (acre~feet/year)
(7) RSEEP = water seeping to aquifer from irrigation canals
(acre-feet/year)
(8) QBC = inflow (+) or outflow (-) along model boundaries
(acre-feet/year)
9) 2z = bedrock elevation (ft)
(10) G = ground surface elevation (ft)
(11) FKX = hydraulic conductivity in X-direction (ft/day)
(12) FKY = hydraulic conductivity in Y-direction (ft/day)
(13) DX = finite increment in X-direction (ft)
(14) DY = finite increment in Y-direction (ft)
(15) PHI = effective porosity

Subroutine VALUES

This subroutine reads in:

YPT

monthly precipitation distribution values
YPM = monthly pumping distribution values

YPR = monthly phreatophyte distribution values

YHH = monthly variations of river stage
CPT = the fraction of precipitation reaching ground water
CPM = coefficient of pumping (effective pumping, consumed).

Subroutine COEF

This subroutine computes east and south coefficients of flow. (West

and north coefficients are obtained by symmetry.)
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Subroutine DISTRI

This subroutine combines distribution values according to time step .

size.

Subroutine QFIX

This subroutine computes the net withdrawal rates, Q, for each grid
during each time increment as a result of pumping, precipitation, boundary
inflow and outflow, phreatophyte use, water leakage, and water seepage.

Subroutine TRANSG

This subroutine computes the transmissivities for each grid during each
time increment and sets them up in reduced matrix form for Gauss Elimination
(see Sectiom I1I).

Subroutine RESIDG

This subroutine computes the residual term of the k-th iterate, which
lies between time level t and t-+At,
Subroutine GAUS1

This subroutine calls for subroutine BSOLVE and checks for convergence.

Subroutine BSOLVE

This subroutine solves the matrix equation by Gauss Elimination.

Subroutine TRANSW

This subroutine computes the transmissivities for each grid during
each time increment for the use of Line Successive over Relaxation Method.

Subroutine RESIDW

This subroutine computes the residuals which will be used in Line
Successive over Relaxation Method.

Subroutine LSOR

This subroutine calls for subroutine THOMAS and solves all the equations
using Line Successive over Relaxation Method.

Subroutine THOMAS

This subroutine solves a tridiagonal matrix by the "THOMAS algorithm."
Subroutine BALCOM

This subroutine computes the material balance for each time step.

Subroutine BNDFLO

This subroutine computes the boundary inflow and/or outflow.
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Subroutine MAP

This subroutine sets up different formats for printing corresponding

arrays.

VI, MODEL CHARACTERISTICS

Size of (Grid System

In this program, a blank common array A (see main program and sub-
routine OLAY1l) is used to replace double-dimensional arrays. The biggest
dimension allowed to be used for A in the IBM 360/44 computer is about
9000, and, therefore, the choice of optimum values for NX (No. of rows) and
NY (No. of columms) is important.

Cards #10 to #31 in subroutine OLAYl state the locations of all the
arrays; consequently, the index ILAST will be the total number of storage
locations required in the A array.

For Gaussian Elimination, some arrays are reallocated (cards #41 to

#43). Card #43 states:
ILAST = TAl6 -+ NX * NY *(2 # NY + 1) - 1 (6:1)

which means that the last array needs NX % NY #(2 * NY + 1) words which is
the largest array required. Apparently, much storage can be saved if NX
is always greater than NY and should be considered when setting up the grid
system.

Combining the information obtained from cards #10 to #31 and cards
#41 to #43, the total number of words needed for the A array in case of

Gauss Eliminations is:

20 * NX * NY + NX * NY *(2 * NY + 1)
= NX % NY *(21 + 2 * NY) (6:2)

If this number is equated to the largest number allowed to be used for
array A, then it will always give the maximum dimension of the system.

That is,

NX * NY #(21 + 2 * NY) < 9000 (6:3)
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or

9000
X < .
— (21 + 2 * NY) * NY (6:4)

For the LSOR method (some arrays are also reallocated [cards #51 to

#671), the array size can be calculated:
25 % NX * NY + 4 * NX + 2 * NY < 9000 (6:5)

or

9000 ~ 2 * WY
A Tl (6:6)

Table 6:1. Some maximum grid sizes for different NX and NY values.

Gaussian Elimination LSOR
NY NX NX % NY NX NX * NY
5 54 270 69 345
10 21 210 36 360
15 11 165 33 345
20 7 140 17 340
25 5 125 14 350
30 3 90 11 330

Table 6:1 lists some maximum grid sizes for different values of NX and
NY. It can be seen that LSOR is less restrictive on storage than Gauss

Elimination and that it does not require that NX be greater than NY.
Time Step

For time steps smaller than one month, multiples of 5 days are

required.
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For time steps equal to or greater than 1 month, 1, 2, 3, 4, or 6
months can be utilized. ]
The largest time step is 1 year (or 365 days). The time step unit is

in days.
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VII. FLOW CHART

READ IN
AND
PRINT OUT
DATA

COMPUTE

COEFFICIENTS

COMPUTE
DISTRIBUTION
OF
DATA

COMPUTE
Q

No. of >120

NO.

28



(VII. cont.)
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(VII. cont.)
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C ARRAY [NDICES

C _____________
1AL = 1
TA2 = TAL + NXNY
IA3 = [A2 + NXNY
TAG = TA3 + NXNY -
IA5 = IA4 + NXNY )
TA6 = TAS + HNXNY
[A7 = 1A6 + NXNY
IA8 = TA7 + NXNY
IA9 = 149 + NXNY
IAL10= 1A9 + NXNY
TA11= TA10+ MXNY
TAL12= IALl1+ NXNY
1A13= IAY2+ NXHY
[ALl4= [A13+ NXNY
[AI5= [4la4+ NXNY
[IAl6= TALS+ NXNY
IAL7= [ALlA+ NXNY
TA18= TAL7+ NXNY
[A19= TALl8+ NXMY
1A20= IAL9+ NXNY
c TLAST = [A20 + NXNY - 1
C
C
&
c BC PT RPUM RFEPEA RLEAK
CALL ARRAYS (Nx,NY,A(Ira).A(rA5),A(LA6>,A( ATY,AUTAB)yALIAG),
o RSFFP 01 z G HP FKX
c 1 A(éﬁ%O) A(1a11),A11$121,A(Inla),Afrnla).A(IAlbh,
¢ 2 ALTALITI ACTALRYJACTALS),A(TA20),CUMTIM)
c
c CALL VALUES {YPT,YPM,YPR,YHH,YPS,CPT,CPM)
c PHI DY EF AP FKX FKY
c CALL COEF (NX,NY,A(TA20),A %é? 3).A(1A19),AzrA3).A(IA16),AtIA17),
c 1 A{TAL)yALTA2)},A(TAS),CUMTIM, IDEBUG)
¢
c IE {NXNY.GT. 20) IWAT=1
500 JAGAIN = O
CUMTIM = CUMTIM + DELTAT
PRPY RPUM REREA H 1B8C
CALL DISTRI (NXyNY A{TA)2(TAT) A(TAR),A{TAL)Y,A{IAS},
1 Py YPT y YPR 3 YHH yYPS,DELTAT ICCUNT s DYPM, DYPT,
c 2 DYPR,DYHH,YPS)
C H PPT PP U™ RFRF A RLEAK RSEEP
CALL QFIX (Nxbgy,A(IA?).A(Inéé,A([A7),A(IAB).A(IAQ),A(IAIO),
1 AUTALL) ,ALIAL12),ALTALS),
c 2 DELTAT, InATsSGVALyDYPMsDYPTyDYPRsDYPS,CPTyCPMyCUMTIM)
c
IF (IWAT,.F9.1) 69 TO 200
c CALL LCAD(*PAASEGAUTY
¢
E———~~REALLUCAT10N 0OF CORE IN CASE OF GAUSS ELIMINATINN METHOO BSOLVE
¢ i
E ARPAY SYMBOL SIZF DESCRIPTICN
C 1A15 CR { NXNY) PeMHaSs, VFCTOP MATRIX (OVER READS Q-ARKAY}
E IAL6 CMATRX {MXNY 4 25NY+1) “EDUCED COEFFICIENT MATRIX (BAND MATRIX)
C
E
C ARRAY INRICES
C ——— s M1k s e ettt
1A15 = JAl4 + NXANY
1A16 = JALS + NXNY
TLAST= [Al1A + NXNY={2%¥NY+1) - 1
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c CALL RESIDW (NX,~NY, A(IALG!'A(Iﬁél,A{[AR),A([A%)yJAbAINAéDEBUGy
¢ DELgAT A(lAIA),A(IAl?)yﬁ(141R1,A(IA19),A([A20)c
c 2 A(IQ’O’;#(I”lé):CUWTIM}
C
c AN AS AW AN HST
c CALL LSOR (A(I&lé) A(IAI?),A(IAIP),A(gA Q)'A(éAZO)-AIIAZZ)y
c 1 A(IA30);A(IAZS'vA(IA?b)oA(IA?Sé,AIIA2QI.N 'NY'
2 OMEGA, IDERUG,CUMTIM,A(T A4}, A([A%I.A(IAB).A(IAIQ),
c 3 HCONV:ITER:OFLTAT,JKGAIN,I OUNT)
IF (ITER,EQ.L) GN TO 401
C300 CONTINUE
C
C
C
C
C
C
C
C H HP EFAR I68C z G
¢ CALL BALCEGM (NXéNYvA(Iégigﬂ(Iﬁlé).A( A3 s A(TASY,A(TAL2),A(1AL3),
1 A(TALY,A(TA?},DCL TAT,CUMTIM,CUMMA,SQVOL, ICOUNT)
ICOUNT = JTCIUNT + 1
IF (ICOUNTLLTWNCCMY 50 TG 500
RETURN
END
/%=
J/SINGLE EXEC FCRTRAN(MAPR)
SUBROUTINE SINGLE (MTAP=,APNRT,MX,MY,DELTAT,OMEGA,IGAU, IWAT,
c 1 HCUNV o NCOM, IDEB UG}
C-—~-VARTABLE DESIGNATION AS USED
E IN PRUGRAM ON CARDS IN DATA STAT.
C CMNT KCMN
¢ NCOM NC NM KNCO
C CMEGA OMEG KOME
C 164U 1GAY K1GA
C TAAT [WAT KTWA
C HCONY HCCN KHCQ
C I1DEBUG NERY KOEB
C DELTAT DELTY KDEL
C NX N X KANX
C NY NY KNY
E ENDS KEND
DATA KCWN/'CVMT'/,KMCN/'HFFW‘/,KOME/'QWEG'/,K[GA/'[CAU'/'
1 KIWd/ ' IWAT '/,(HFP/'HFQN’/.KDP&/'WFbU'/.KDEL/'“ELT'/;
c 2 KNX Z'NX P/ KNY /'NY ' /,KEND/YENDS'/
10 READ (5,1) NAME, X1
IF (NAMC,EQ. KC“H) 653 TC 19
[F (NAMEIE)IKEND) 4 TO 64g
[F (NAME,C)KNCD) 59 T2 100
IF {NAYELFYKGME) 60 T 270
[F {MAMC,ED,.KIGA)Y °D T 300
IF (NAME,EQKIWAY 50 T 400
IF (NAMEL.E},KHCO) 41 TR 500
[F (NAMD,FJ,KOEd) &Y T /0D
[F (NAMELFJ.KDEL) GO 19 700
[F {NAMELEQ.KNX )} 6O T1 £90
IF INAMELEQ.KNY ) GO T 900
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